Abstract This paper presents a factor analysis model for symbolic data, focusing on the particular case of interval-valued variables. The proposed method describes the correlation structure among the measured interval-valued variables in terms of a few underlying, but unobservable, uncorrelated interval-valued variables, called common factors. Uniform and Triangular distributions are considered within each observed interval. We obtain the corresponding sample mean, variance and covariance assuming a general Triangular distribution.
Introduction
When, in 1987, Diday introduced symbolic data, he added a new dimension to data analysis and made us think about data in a new manner. Until then, in multivariate data analysis, data were represented in a data table where for each statistical unit (individual/object) a single value, numerical or categorical, was observed for each variable. However, this structure is unable to represent more complete and complex data, where the information for a statistical unit on each variable cannot be reduced to one single value. Symbolic Data Analysis extends the classical data model with the introduction of new types of statistical units and new types of variables. In this new model the statistical units (entities of interest) may be individuals/objects or classes of individuals/objects, usually called symbolic objects, described by variables, which allow representing explicitly any inherent data variability. We distinguish three new types of variables: interval, multi-valued (numerical and categorical) and distributional (histogram and categorical modal) variables [6, 8, 10] .
In this paper, we are interested in the analysis of interval data, i.e., where the statistical units are characterized by variables whose realizations are intervals of R. There are numerous situations that give rise to interval data. A natural source of interval data is the aggregation of individual observations described by real values, in groups/classes according to some question of interest, when the databases are too large for direct analysis. Another source of interval data are original symbolic data -examples are descriptions of biological species or technical specifications. Native interval data, which occur when describing ranges of variables values, constitute yet another source of interval data -daily stock prices and daily temperatures, are examples of this type of data. Imprecise data, from repeated measures or confidence interval estimation, can also be represented by interval-valued variables.
Since its introduction, the analysis of symbolic data has known a considerable development, becoming one of the new lines of research in Multivariate Statistics and Data Analysis. The present paper introduces a factor analysis model for symbolic data, focusing on the particular case of interval-valued variables. The essential purpose of factor analysis is to explain the covariance and/or correlation structure among the measured variables [20, 21] . In fact, when a large number of variables is measured on each statistical unit, the study of its dependence structure may be of interest.
The proposed factor analysis model assumes that there is a smaller set of uncorrelated intervalvalued variables -factors -that explain the relations between the interval-valued variables that were actually measured. With the new variables it is expected to get a better understanding of the data being analyzed, moreover, they may be used in future analysis. Two cases are considered for the distribution assumed within each interval: an Uniform distribution and a Triangular distribution [4, 5] .
In our proposal, factors are extracted by Principal Components or by Principal Axis Factoring, performed on the correlation matrix of the interval-valued variables. First and second sample order moments for interval-valued variables have been derived for the Uniform distribution by [4, 7, 5] and for the Symmetric Triangular distribution by [5] . In this paper, we obtain the formula for the sample mean, variance and covariance assuming a general Triangular distribution.
To estimate the factor scores, two approaches will be considered, which are inspired in methods for real-valued data: the Bartlett and the Anderson-Rubin methods [13] . In both cases, the estimated values are obtained by solving an optimization problem that uses as criterion to be minimized a function of the weighted squared Mallows distance [22] between quantile functions. In the first method the factor scores are highly correlated with their corresponding factor and weakly (or not at all) with other factors. However, the estimated factor scores of different factors may still be correlated. In the second proposed method, the function to minimize is adapted to ensure that the factor scores are themselves not correlated with each other.
In this work the Mallows distance will be the measure used to evaluate the dissimilarity between distributions. In the last century, several dissimilarity measures between probability distributions were proposed, that Gibbs and Su [15] and Bock and Diday [8] reviewed and summarized. They present some of the most important metrics on probability measures that are used by statisticians and probabilists, performing a rigorous analysis of their properties and of the relations between them. Among all, the Mallows distance 1 is considered by many researchers in various areas of study, the appropriate measure to evaluate the dissimilarity between probability distributions [22, 2, 26, 18] . In the search of the best measure to quantify the error of a forecast, Arroyo [2] studied several divergence measures concluding that only the Mallows and Wasserstein distances are adequate to represent an error measure. According to Arroyo and Maté [2, 1] these measures have a clear and intuitive interpretation and are the ones that better adjust to the concept of distance as assessed by the human eye. Naturally, the Mallows distance was chosen in the Arroyo and Maté works [2, 1] , on forecasting time series of histogram-valued variables, to measure the error between the observed and forecasted distributions and to calculate the forecasts. It is noteworthy that the Mallows distance has been successfully applied in several others works in the context of Symbolic Data Analysis. Irpino and Verde [19] derived the Mallows distance between intervals assuming an Uniform distribution within them. They then used this measure for an agglomerative hierarchical clustering of histogram data [19] and as criterion function in a Dynamic Clustering Algorithm (DCA) applied to interval data and histogram data [18, 26] . Irpino and Verde [17, 25] and Dias and Brito [11] also used this distance in a linear regression context. Here we deduce the explicit expression of the Mallows distance assuming a general Triangular distribution within each interval.
The structure of this paper is as follows: In Section 2 we start by introducing interval-valued variables, review existing interval representations and fix notation. Then we present sample moments, quantile function representations and Mallows distance, assuming an Uniform or a general Triangular distribution within intervals. Section 3 presents a factor analysis model for interval-valued variables, where factor extraction is done by Principal Components or by Principal Axis Factoring on the correlation matrix between the interval-valued variables. Two approaches are considered to estimate the factor scores which are inspired in the Bartlett and the Anderson-Rubin methods. Section 4 shows the soundness of our proposal with synthetic data. Section 5 presents applications to one data set of measures of car characteristics of different makes and models and another data set of meteorological data. Section 6 concludes de paper.
Interval-valued variables
Consider a set of n units S = {s 1 , . . . , s n } under study. An interval-valued variable is defined by an application Y : S → B such that for each s i ∈ S, Y (s i ) = [l i , u i ], with l i ≤ u i , where B is the set of intervals of an underlying set O ⊆ R. Thus the value of an interval-valued variable Y for each s i ∈ S is defined by the bounds l i and u i . Alternatively, the interval Y (s i ) can be represented by its center (midpoint of the interval) c i = l i + u i 2 and half-range
. Let I be an n×p matrix representing the values of p interval-valued variables on S. Each unit s i ∈ S is represented by a p-uple vector of intervals, I i = (I i1 , ..., I ip ), i = 1, ..., n, with I ij = [l ij , u ij ], j = 1, . . . , p (see Table 1 ). 
Interval data as quantile functions
In this work we will also resort to the representation of the interval Y i by the respective quantile function (the inverse of the distribution function Ψ Yi (y)), Ψ
−1
Yi (t) with t ∈ [0, 1], assuming a specific distribution within the interval: Uniform distribution or Triangular distribution.
If we assume that values within the interval Y i = [l i , u i ] follow an Uniform distribution, its representation by the associated quantile function is given by
or
as a function of the center c i and half-range r i .
Assuming a Triangular distribution within interval
with mode m i , the associated quantile function is as follows :
or, using the center c i and half-range r i ,
In the particular case of the Symmetric Triangular distribution, that is, when
expressions (3) and (4) become, respectively,
and
It is important to note that if we multiply an interval Y i by a positive real number λ, λΨ
Yi (t) is the quantile function that represents the resulting interval λY i = [λl i , λu i ], but if λ is a negative real number, the interval λY i = [λu i , λl i ] is represented by the quantile function λΨ
Yi (1 − t). For more details about the behavior of quantile functions, see Dias [12] .
Descriptive statistics
All factor analysis models rely on properly defined correlation matrices. In our proposed model, correlations between interval-valued variables are defined as the quotients between covariances and products of standard deviation for interval-valued variables, which depend on the distribution assumed within each interval. Bertrand and Goupil [4] were the first to propose the univariate statistics for this type of numerical symbolic variables: the mean and variance of a interval variable Y , defined on the set of n units S = {s 1 , . . . , s n }, correspond to those of a finite mixture of n probability density (or frequency) functions, in which it is assumed that each unit is equally likely to be observed with probability 1 n . It is well known (see, for instance, [14] ) that given n variables Y i with probability density functions f i , i = 1, . . . , n, with means µ i and variances σ 2 i , the variable Y with the finite mixture probability density function f :
has mean and variance, respectively, given by,
In the next subsection we present expressions for the symbolic sample mean, the symbolic sample variance and the symbolic sample covariance assuming a Uniform distribution or a Triangular distribution within the intervals.
Uniform distribution
We now assume an Uniform distribution within each interval Y (
Under these conditions, Bertrand and Goupil [4] obtained the symbolic sample mean and the symbolic sample variance of the interval-valued variable Y , respectively, as
or, expressed in terms of the centers c i and half-ranges r i of the interval I i ,
obtained from the empirical density function for an interval variable. As it can be seen above, the sample variance of the interval-valued variable Y is the sum of the average of the (within) variances of observed intervals with the variance of the means (or centers) of the intervals.
For the symbolic sample covariance three definitions were proposed. Let Y j and Y j be two interval-valued variables such that for each s i ∈ S = {s 1 , . . . , s n }, the observed Y ij and Y ij values, i = 1, . . . , n, are uniformly distributed within each interval
The first expression for the sample covariance between two interval-valued variables Y j and Y j was obtained in 2003, by Billard and Diday [7] , from the joint density function, it is denoted Covariance 1 (Cov 1 ) :
or, equivalently,
Expression (15) is the classic definition of covariance applied to the centers of the intervals Y ij and Y ij . However, it is noted that when one considers the variables Y j = Y j , the expression of Covariance 1 does not reduce to the variance in expression (13) . Furthermore, the resulting Covariance 1 function would not reflect the internal cross-variations between Y j and Y j .
In 2006, Billard and Diday [6] proposed a new expression for the symbolic sample covariance, denoted by Covariance 2 (Cov 2 ), incorporating more accurately both between and within interval variations into the overall covariance,
where, for k = j, j ,
The Q k and G k expressions can be rewritten in terms of the center c ik and half-range r ik of the interval I ik as
When the variables Y j = Y j , the expression of Covariance 2 coincides with the expression (11) (or (13) 
Note that the sample Covariance 3 between two interval-valued variables Y j and Y j is the sum of the average of the product of the standard deviations of the intervals Y ij and Y ij with the covariance between the means (or centers) of the intervals. Also noteworthy that expression (19) of covariance reduces to the expression of variance (13) when one considers the variables Y j = Y j and is equivalent to
which shows the relation between the expressions of the covariance 1 and 3.
Triangular distribution
If a random variable Y i follows a Triangular distribution within each interval
for any other case (22) with mean and variance
where c i and r i are, respectively, the center and the half-range of the interval [l i , u i ].
Under the assumption that the observed Y i values, for each s i ∈ S = {s 1 , . . . , s n }, follow a Triangular distribution within each interval [l i , u i ] with mode m i , i = 1, . . . , n, the symbolic sample mean and the symbolic sample variance of the interval variable Y are given, respectively, by,
obtained from the empirical density function, following the same line of reasoning of Bertrand and Goupil [4] , in determining expressions (10) and (11) . Expressions (25) and (26) may be rewritten as Following the same reasoning presented for the Uniform distribution [7, 6, 5] we can also get three expressions for the symbolic sample covariance between two interval variables. Suppose Y j and Y j are two interval-valued variables, such that for each s i ∈ S = {s 1 , . . . , s n }, the observed Y ij and Y ij values follow a Triangular distribution within each interval
From the joint density function an expression for the covariance was obtained, which we will denote by Covariance 1 (Cov 1 ),
Incorporating more accurately both between and within interval variations into the overall covariance, a new expression can be defined for symbolic sample covariance, denoted by Covariance 2 (Cov 2 ), as follows
with,
, for k = j, j . Q k can be rewritten in terms of the center c ik and half-range r ik of the interval I ik as
Considering a decomposition of the Total Sum of Products (TotalSP), between the variables Y j and Y j , into Within Observations Sum of Products (WithinSP) and Between Observations Sum of Products (BetweenSP), as suggested by Billard [5] , we obtain a new expression for the covariance named Covariance 3, (Cov 3 ):
where,
This last expression of covariance may be written in terms of the center c ik and half-range r ik of the interval I ik as:
When the variables Y j = Y j , the expressions of Covariance 2 and 3 coincide with the expression (26) (or (28)) of variance, but this is not the case for the expression of Covariance 1. As previously, the sample Covariance 3 between two interval-valued variables Y j and Y j is the sum of the average of the product of the standard deviations of the intervals Y ij and Y ij with the covariance between the means of the intervals. In addition, it is related with Covariance 1 according to the following expression,
When the observed Y i values, for each s i ∈ S = {s 1 , . . . , s n }, follow a Triangular distribution within the interval [l i , u i ] and the mode m i coincides with the center of the interval, i.e.
it is said that it follows a Symmetric Triangular distribution. In this case, the expressions presented above become much simpler. The mean and variance of Y i are given by [5] :
The sample mean and variance of the interval variable Y becomes [5] :
and the expressions of covariance between Y j and Y j interval-valued variables as follows,
It should be noted that expression (43) is equivalent to that presented in 2008 by Billard [5] .
Measuring distances by quantile functions
The goal of this work is to propose a factor model, in which the observed interval variables are written as linear combinations of a few unobservable variables, the common factors, also defined as ranges of values. Although in factor analysis, the interest is usually focused on the parameters of the factor model, the estimated values of the common factors, the factor scores, are also often required.
In classical factor analysis, one of the methods of estimation of factor scores was suggested by Bartlett, and is known as the Weighted Least Squares method. Bartlett [3] proposed to choose as estimates of factor scores those that minimize the sum of squared errors, weighted by the reciprocal of their variances. In this case, the error is calculated as the difference between two real numbers, the observed variable value and the linear combination of common factors, and will be the smaller the closer these numbers are. In the factor model that we propose, both the observed variables values and the result of the linear combination of the common factors are intervals and therefore it would be natural that the error evaluation was measured by the difference between those intervals. However, the difference between intervals is not the appropriate measure to calculate the similarity between them [23] . In fact, the difference between two equal intervals is not equal to the null interval [0,0], but in a interval with center zero and symmetrical bounds. Moreover the difference between any two ranges of values, non-degenerate, never results in the null interval. This happens because in interval arithmetic the resulting interval, from any of the four basic arithmetic operations between intervals, includes all results that are possible to be obtained with all pairs of numbers, one from each of the two intervals, respectively (with the only restriction that zero can not belong to the second interval if the operation is the division). That is, if we consider two intervals X and Y , X Y = {x y : x ∈ X, y ∈ Y }, where represents any of the four arithmetic operations. In the particular case of the arithmetic difference, we obtain
Therefore, at this step, it is necessary to select an appropriate measure of similarity between intervals, since it is inappropriate to apply arithmetic operations. Two measures considered to be good choice to study the dissimilarity between data with variability, in particular data with intervalvalued variables or histogram-valued variables, are the Mallows and the Wassertein distances [2, 26, 18] . As stated above, the Mallows and Wasserstein distances are appropriate to represent an error measure. Furthermore, as distances they present interesting properties: they are positive definite measures, symmetric, and satisfy the triangular inequality. Both the Mallows distance and the Wasserstein distance are defined in terms of quantile functions, and the further apart these functions are, the greater the distance between them. Following is the definition of Mallows and Wasserstein distances: 
and the squared Mallows distance,
According to Arroyo [2] , one can establish a parallelism between the Wasserstein and the Manhattan distances, and between the Mallows and the Euclidean distances. In fact, taking into account the general expression
the Wasserstein and Mallows distances are obtained when p = 1 and p = 2, respectively.
Also notice that when Y ij and Y ij are degenerate intervals, and considering that expression (48) is similar to the Minkowski metric, we then obtain the Manhattan distance for the particular case of p = 1, and the Euclidean distance for p = 2.
Irpino and Verde [19] have rewritten expression (47) assuming the Uniform distribution within each interval, using the centres and half-ranges: for an observation s i , and the Uniform distribution is assumed within the intervals I ik , k = j, j , respectively, then the squared Mallows distance between intervals is given by:
where, c ij , c ij and r ij , r ij are, respectively, the centers and the half-ranges of the observed Y ij and Y ij intervals.
Next we deduce the expression of the (square) Mallows distance for the case where the Triangular distribution is assumed within the observed intervals. for an observation s i , and the Triangular distribution is assumed within the intervals I ik , with mode m ik , k = j, j , then the square of the Mallows distance between intervals is given by, respectively: (i) non-degenerated intervals, i.e., intervals with non-zero half-ranges:
where, c ij ,c ij and r ij , r ij are, respectively, the centers and the half-ranges of the observed Y ij and Y ij intervals;
(ii) only one non-degenerate interval:
Expression (54) is the Euclidean distance between two real numbers, c ij and c ij , as expected. Note that we obtain exactly the same result if we consider null r ij and r ij in expression (49).
Corollary 1 In the particular case where a Symmetric Triangular distribution is assumed within the intervals I ik , k = j, j , for the observation s i of the variables Y j and Y j , the square of the Mallows distance between intervals simplifies to: 
where jk 's, k = 1, . . . , m, are the model coefficients, real values, usually termed as factor loadings [20, 21] . The interval ε j describes the residual variation specific to the jth variable Z j and its variance, S 2 εj , is called the specific variance of the jth variable.
If we replace in the previous model (56), each interval by the associated quantile function we obtain the model rewritten as follows,
with * = t if ji > 0 and * = 1 − t if ji < 0, where
Zj is the quantile function associated with the standardized interval-valued variable Z j ; Ψ In the previous model it is necessary to assume that:
(i) the Z j variables, the common factors f k 's and specific factors ε j 's have null mean; (ii) the common factors f k 's and specific factors ε j 's are uncorrelated for all combinations of k and j ;
(iii) the common factors f k 's are uncorrelated and have unit variance.
These assumptions and the preceding model constitute the orthogonal factor model. If (III) is not verified we have the so-called model of oblique factors. We can thus say that the orthogonal model of factor analysis assumes that there is a smaller set of uncorrelated interval-valued variables that explain the relations between the observed interval-valued variables.
As in the classic case, the factors may be extracted by different methods. Here we consider extraction by Principal Component and by Principal Axis Factoring on the interval-valued variables correlation matrix.
Principal Component is the perhaps the most commonly used extraction method, but it implicitly assumes that all communalities are equal to one, so that the variables' variances could (theorethically) be completely explained by common factors. Principal Axis Factoring, on the other hand, assumes a model with common and unique factors, and therefore variance cannot be explained just by common factors; the method proceeds iteratively, by first estimating communalities and then trying to identify the common factors responsible for these communalities and the correlations between variables (see, e.g. [24] ). Therefore, a factor model is implicitly assumed in the Principal Axis Factoring. In both cases, and taking into account the model assumptions, (i) the correlation between Z j and f k , denoted by Corr(Z j , f k ), is jk , the loading of the jth variable on the kth factor. For this reason it is said that each loading jk measures the contribution of the kth common factor to the jth variable;
(ii) the variance of Z j can be partitioned as S 
Factor Scores
In this section we will present two approaches to interval-valued factor scores estimation, inspired in methods for real-valued data, namely, the Bartlett and the Anderson-Rubin methods [13] .
The method suggested by Bartlett, also known as the Weighted Least Squares method, chooses as estimates of factor scores those that minimize the sum of squared errors, weighted by the reciprocal of their variances. It can be shown [21] that for real-valued variables the resulting factor scores are nothing more than the values of the (scaled) principal components.
Our first proposal, inspired by this idea, is to consider the sum of the squared Mallows distances between Ψ −1 Zj and Ψ
−1
CLj , taking into account model (57) and choose the interval-valued factor scores estimates that minimize that sum, weighted by the reciprocal of the interval variable ε j variance, S 2 εj , that is,
It is important to underline that the factor scores are no longer the values of the (scaled) principal components and, to the best of our knowledge, cannot be obtained by a closed formula.
The method proposed by Anderson and Rubin adapts the approach of Bartlett such that the factor scores are not only uncorrelated with other factors, but also uncorrelated with each other. Thus, our second proposal is to
In both approaches the estimates are obtained by solving an optimization problem. In order to find the factor scores, we relied in the optimization routines of the R system. In particular, in the 'Bartlett method', for each unit we specified an error function, SumDist, for the weighted sum of Mallows distances, which takes as its arguments the relevant distribution parameters. Then we minimize SumDist by the nlminb routine of the R system, using as starting points the U(0,1) (Uniform distribution) and the Tr(0,1,2) (Triangular distribution) for the nlminb search. We have found that convergence was usually obtained whitin a few dozen iterations. To check for potential problems created by local optima, we conducted some experiments with different starting points, and concluded that our procedure was robust, with the search converging always to the same solutions, even after large perturbations of the search origin. For the 'Anderson-Rubin method', we defined a global error function, SumDistFactort, that adds the sum of weighted Mallows distances for all entities with sum of squared correlations between factor scores, multiplied by a large penalty. We used again the nlminb routine using as starting points the parameters of distributions found by the 'Bartlett method'. However, in this case we found evidence of local optima, and in order to mitigate this dependence we repeted the local search for different starting points until the best solution found did not change after many different iterations of this procedure.
Synthetic Data
In this section we analyse the behaviour of the proposed method on synthetic data with predefined correlation structures. We consider cases where all interval-valued variables are highly or only moderatly correlated and cases where there are differents blocks of highly and/or moderatly correlated variables. Is assumed high correlations if values are between 0.8 and 1 and moderate correlations between 0.5 and 0.8. The generation of the synthetic data was done in three main steps:
1. Generate two different matrices with similar correlation structures: the correlation matrix between the centers R c and the correlation matrix between the half-ranges R r . These correlation matrices were generated by application of Algorithm 1 suggested by Hardin. For more details on correlation matrices simulation with or without a given structure, see Hardin [16] . 2. Generate the matrix of the centers of the intervals as the product of two matrices: Below, we define 6 different correlation matrix structures and present the correlation matrices generated between the centers R c and between the half-ranges R r for each of the cases. Problems with 10 interval-valued variables are analysed. In each case a set of 100 values of centers and halfranges are generated. 
For each case, a factor analysis according to the proposed model (56) was performed assuming three distinct distributions within each interval: Uniform, Triangular Symmetric and Triangular (with the mode randomly chosen within interval). The number of common factors retained was defined according to the rule of eigenvalues greater than one and in line with the cumulative proportion of total variation. Both Principal Component and Principal Axis Factoring leads to the extraction of same number of factors in each case. Table 2 presents the number of interval-valued factors extracted in each case, which was the same for all the assumed distributions. We can see from Table 2 that the factor analysis of this data succeeds in recovering their original structure in cases 1, 2, 3, 4 and 6. Case 5, where there are both groups of higly and moderatly correlated variables, is somehow more difficult, and the variables of the strongly correlated group sometimes also appear in the definition of the second factor. Nevertheless, this is not much different from similar data conditions in the factor analysis of classic data, and the basic group correlation structure is still recognized by the analysis.
Application
In this section, we illustrate the methodology proposed above on a car data set and on meteorological data, for the different alternatives concerning (a) the distribution within the intervals: Uniform and Triangular distributions, (b) the technique of factor extraction: Principal Component and Principal Axis Factoring, (c) and the estimation of factor scores: the Bartlett and the Anderson-Rubin methods. The number of common factors retained was defined according to the rule of eigenvalueŝ λ j , j = 1, . . . , p, greater than one and in line with the cumulative proportion of total variation, j k=1λ k p .
Cars Data
A factor analysis was performed on a set of 33 car models described by 8 interval-valued variables: Price, Engine Capacity, Top Speed, Acceleration, Wheelbase, Lenght, Width and Height (see Table  3 ).
Uniform Distribution
In this section we assume that the values within the observed intervals are distributed according to an Uniform distribution.
The following is the sample correlation matrix R obtained from the third definition of covariance Cov 3 , using formula (18): 
Both Principal Component and Principal Axis Factoring of this matrix lead to the extraction of two factors, which together represent 89.9 % and 86.7 % of the total variance, respectively. Table  4 summarizes the estimated factor loadings for each variable in the two interval-valued factors, its eigenvalues, the communality of each variable and the cumulative proportion of total sample variance explained, for both methods. Analyzing the values presented in Table 4 we can see that there are very little differences between the results obtained by Principal Component and Principal Axis Factoring. From the figures in Table  4 , we may now write the factor model, which in the case of Principal Axis Factoring is as follows:
or, if we represent each interval-valued variable by the respective quantile function,
The 1st factor presents high factor loadings for Price, Engine Capacity, Top Speed, Acceleration and Width and explains 67.8% of the total variance. The 2nd factor, with high factor loading for Wheelbase, explains 18.8% of total variance. It is noted that the Length and Height have high factor loadings on both factors, reflecting the fact that these characteristics do not contribute to the distinction of car models. Additionally, all communalities are high indicating that the two retained factors are suitable for describing the latent relational structure between characteristics of the car models. We can thus say that the factor model distinguishes the car models with higher price, higher engine capacity, higher top speed, greater width and shorter acceleration time from those with opposite characteristics; furthermore it separates car models with larger wheelbase from the others.
The model based on Principal Component extraction may be written in a similar way, using the correspondent values of Table 4 . Figures 1 and 2 show the 33 car models in the plane defined by the two interval-valued factors, obtained by the two extracting methods and by the two factor scores estimation methods considerated. As it can be seen, whereas the first factor distinguishes the upscale car models from the low cost car models, the second factor differentiates essentially car models with greater wheelbase from the smaller ones.
From the observation of the Figures 1 and 2 we can conclude that factor scores obtained by the two methods are very similar. However, we note that less degenerate intervals were obtained in the 2nd factor on the factor scores obtained by the model based on Principal Axis Factoring, and this difference is more noticeable when the 'Anderson-Rubin method' is choosen.
Triangular Distribution
We now assume a Triangular distribution within each observed interval with a randomly generated mode. The data may hence be represented by triplets (min, mode, max) as in Table 5 . Applying the covariance definition Cov 3 as in formula (32) Table 6 we only indicate those values for the Principal Axis Factoring method.
Based on the factor loadings of the model we can conclude that the variables Price, Engine Capacity, Top Speed, Acceleration and Width are strongly related to the 1st factor and weakly associated with the 2nd factor, whereas the variable Wheelbase is strongly associated with the 2nd factor and more weakly associated with the 1st factor. Length and Height have high factor loadings on both factors, so do not contribute to the distinction of car models. 68.8% of total variance is explained by the 1st factor and 19.0% by the 2nd factor, which together represent 87.8% of the total variance. Furthermore, all communalities are high indicating that the two factors retained are suitable for describing the latent relational structure between characteristics of the car models.
The resulting factor model is,
The factor scores obtained by the 'Bartlett method' and by the 'Anderson-Rubin method' are represented in Figure 3 showing the 33 car models in the plane defined by the two interval-valued factors. From their observation we can conclude that factor scores obtained by the two methods are very similar in the 1st fator, while much less degenerate intervals were obtained in the 2nd factor by 'Anderson-Rubin method'. As it can be observed, the position in the plan of car models assuming the Triangular distribution is very similar to that obtained when the Uniform distribution was assumed, and therefore the conclusions are analogous. Essentially, the 1st factor distinguishes upscale from low cost car models and the 2nd factor differentiates car models with greater wheelbase from smaller ones.
Meteorological Data
In this section a factor analysis is performed on a set of 283 cities of the United States of America described by 13 interval-valued variables: the temperatures (in Fahrenheit degrees) of the 12 months of the year and the annual precipitation (in mm) between the years 1971 e 2000 (see Table 7 ).
Uniform Distribution
In this section it is assumed that the values within the observed intervals are distributed according to an Uniform distribution. The following is the sample correlation matrix R obtained from the third definition of covariance Cov 3 , using formula (18): 
Both Principal Component and Principal Axis Factoring of this matrix leads to the extraction of two factors, with values of estimated factor loadings in interval-valued factors, eigenvalues and communalities nearly equal. For this reason we only indicate those values for the Principal Axis Factoring method in Table 8 .
Based on the factor loadings of the model we can conclude that all variables: the temperatures of the 12 months of the year and the annual precipitation are strongly related to the 1st factor. Moreover the temperature variables in the months of January and July are moderatly associated with the 2nd factor. 89.6% of total variance is explained by the 1st factor and 8.2% by the 2nd factor, which together represent 97.8% of total variance. All communalities are high indicating that the two factors retained are suitable for describing the latent relational structure between the temperatures of the 12 months of the year and the annual precipitation.
The resulting factor model is, January = −0.9131f 1 − 0.4000f 2 + ε January 
September (t) = −0.9852Ψ
October (t) = −0.9932Ψ
December (t) = −0.9262Ψ
with 0 ≤ t ≤ 1.
The factor scores obtained by the 'Anderson-Rubin method' for Meteorological data set are displayed in Table 9 and represented in Figure 4 . Figure 4 shows the 283 cities of the United States of America in the plane defined by the two interval-valued factors. It can be observed that, while the 1st factor distinguishes warm cities with high humidity from cold and dry cities, the 2nd factor basically differentiates cities with larger thermal amplitude from those with short thermal amplitude.
Triangular Distribution
In this section a Triangular distribution within each observed interval with a randomly generated mode is assumed. The data may hence be represented by triplets (min, mode, max) as illustrated in Table 10 .
Applying the covariance definition Cov 3 as in formula (32) we obtain the following correlation matrix: 
Both Principal Component and Principal Axis Factoring of this matrix leads to the extraction of two factors, with values of estimated factor loadings in interval-valued factors, eigenvalues and communalities very similar. For this reason we only indicate those values for the Principal Axis Factoring method in Table 11 . Based on the factor loadings of the model we can conclude that all variables the temperatures on the 12 months of the year and the annual precipitation are strongly related to the 1st factor. The temperature variables in the months of December and July are moderatly associated with the 2nd factor. 86.7% of total variance is explained by the 1st factor and only 7.8% by the 2nd factor, which together represent 94.5% of total variance. All communalities are high indicating that the two factors retained are suitable for describing the latent relational structure between the temperatures of the 12 months of the year and the annual precipitation. October = −0.9780f 1 − 0.0550f 2 + ε October N ovember = −0.9533f 1 − 0.2430f 2 + ε N ovember December = −0.9270f 1 − 0.3577f 2 + ε December P recipitation = −0.8556f 1 + 0.1389f 2 + ε P recipitation or, using quantile functions, The factor scores obtained by the 'Anderson-Rubin method' for Meteorological data set are displayed in Table 12 and represented in Figure 5 . Figure 5 shows the 283 cities of the United States of America in the plane defined by the two interval-valued factors. The conclusions are exactly the same as those taken earlier, the 1st factor distinguishes warm cities with high humidity from cold and dry cities and the 2nd factor differentiates cities with larger thermal amplitude from those with short thermal amplitude. We notice however that in this analysis there are less degenerate intervals in the second factor, than in the analysis that assumed an Uniform distribution. 
Concluding remarks
Most of the methodologies developed for Symbolic Data Analysis rely on distribution free approaches. In this paper we addressed the analysis of the dependence structure of interval-valued variables, proposing a factor model for interval data based on quantile function representations. In our proposal, factor extraction is carried on by performing a Principal Component or a Principal Axis Factoring based on the correlation matrix between the observed interval-valued variables. For that purpose we rely on, and extend, appropriate definitions of variance, covariance and correlation, for interval variables under the assumptions of uniform or triangular distributions to model the within variability of each interval. Factor scores were derived by solving optimization problems, that adapt the Bartllet, and Anderson-Rubin methods for real-valued data. However, unlike the original problems, in the case of interval data, the resulting optimization problems do not have a closed-formal analytical solution, and need to be solved numerically. The research presented in this paper may be extended in several ways. In the first place, alternative methods of factor extraction can be devised. One important avenue of research is the study of parametric methods of factor extraction, based on existing models for interval data, such as those proposed in Brito and Duarte Silva [9] . Secondly, factor rotation of interval-valued factors may be adressed. Finally, the basic approach proposed here can be extended to establish factor models for other types of symbolic data such as distributional or histogram data.
